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We analyze the onset of multiple oscillatory regimes in a two-variable biochemical model previously proposed for glycolytic 
oscillations. Tfte model. based on the activation of an ailosteric enzyme by a reaction product. is modified by introduction of 
recycling of product into the substrate. This modification creates the conditions for birhythmicity in which two stable 
oscillatory regimes coexist under the same conditions. The detailed route by which birhythmicity develops from a single 
oscillatory regime is elucidated by means of bifurcation diagrams. It is shown that birhythmicity provides added sensitivity to 
the osciIIatory system as the same type of perturbation may produce a switch from one periodic regime to the other and back, 
when applied at the appropriate phase of each of the two oscillations. 

1. Introduction 

A conspicuous property of many nonlinear sys- 
tems is their capability of reaching two different 
stable steady states under a given set of experi- 
mental conditions [l]. Several biochemical systems 
exhibit such a phenomenon of bistability [2-41. It 
has become increasingly clear that b&ability pos- 
sesses a dynamic counterpart, birhythmicity IS], in 
which a given system evolves into either one of 
two stable oscillatory regimes depending on the 
initiai conditions_ Birhythmicity has not yet been 
observed in biochemical systems. A theoretical 
study of a three-variable model representing a 
sequence of two autocatalytic enzyme reactions 
showed that the phenomenon can arise from the 
coupling between two instability-generating mech- 
anisms; complex periodic oscillations as well as 
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aperiodic oscillations (chaos) were also observed 
for closely related parameter values [5]. These find- 
ings were recently corroborated by an experimen- 
tal study of a chlorite-bromate-iodide system in 
which the coupling between two autocatalytic 
chemical reactions was found to produce similar 
types of behavior 161. 

The mechanism for the onset of birhythnlicity 
remains unclear. A detailed study of the phenome- 
non calls for a simple two-variable model, since 
the dynamic behavior of two-variable systems is 
amenable to phase-plane analysis [i’]. Such a model 
is investigated in the present paper. It is based on 
a biochemical model previously proposed for gly- 
colytic oscillations. This model, which ;n its early 
version admits a single periodic regime, is mod- 
ified so as to admit two coexisting oscillatory 
modes. By means of bifurcation diagrams, we 
elucidate the route by which birhythmicity devel- 
ops from a single oscillatory regime. In addition, 
we demonstrate how the system may reversibly 
switch between the two periodic regimes in re- 
sponse to the same type of perturbation, i.e., addi- 
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tion of substrate or product Birhythmicity pro- 
r-ides added sensitivity as the switch from one 
regime to the other closely depends on the phase 
of the oscillations at which the perturbation is 
applied. 

2. tMode1 and kinetic equations 

Glycolytic oscillations occur in yeast and muscle 
undrr conditions of constant substrate input, as a 
result of the activation of phosphofructokinase by 
a reaction product [S-10]. The original phos- 
phofructokinase model [11.12] is that of an allos- 
teric enzyme transforming a substrate (a) into a 
product (Y). the product being a positive effector 
of the enzyme. The dynamic behavior of this model 
in the phase plane (a. y) has been analyzed exten- 
sively [13_14]. The results of the phase-plane analy- 
sis are summarized in fig. I. 

Of utmost importance for oscillations is the 
S-shaped nature of the nullcline (dy/dr) = 0 for 
appropriate values of the parameters. The steady 

r 

Product. II 

state (a,, YO) is the intersection of this curve with 
the nullcline (da/df)= 0. Whenever the slope 
(da/dy) at steady state on the sigmoid nullcline is 
sufficiently negative, the steady state is unstable 
and the system evolves towards a stable limit cycle 
as depicted in fig. 1. The substrate nullcline can be 
shifted towards the right by increasing input u, 
without changing the product nullcline. Therefore, 
upon increasing u from a low initial value, the 
system in fig. 1 enters a domain of oscillations in 
A and leaves it in B. The existence of a single 
instability domain bounded by two critical values 
of u agrees with the observation that glycolytic 
oscillations occur in yeast extracts when the sub- 
strate input is between 20 and 160 mM/h 181. 

In order to create the conditions for birhythmic- 
ity, we have modified the phosphofructokinase 
model by incorporating recycling of product into 
the substrate (fig. 2). Such a process takes place in 
the lower part of glycolysis where ADP, the prod- 
uct of phosphofructokinase, is recycled into the 
substrate. ATP. Introduction of product recycling 
does not increase the number of variables of the 
system which is now governed by the two kinetic 
equatims: 

da O;Y” 
x-fifK”+Y” -- e,,+(o. Y) 

n,y)--X_,y_ZK_ 
K” + y” 

with 

+,(a--r)= 
a(1 + a)(1 + y)’ 

L + (1 + ay(l + y)’ . 

(1) 

Fig. 2. ~fodsl of a product-activated enzyme reaction with 
recycling of product into substrate. This model admits IU’O 
stable oscillatory regimes for appropriate values of the perame- 
ters. 
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The function + is the rate of reaction, divided 
by the maximum rate. for a dimeric allosteric 
enzyme activated by its product [11,12] when the 
enzyme obeys the concerted model of Monod et al. 
[15] with exclusive binding of substrate to the R 
state (considering a larger number of enzyme sub- 
units and nonexclusive binding of substrate to 
both T and R states would not affect the qualita- 
tive behavior of the model [14]). The parameter u 
relates to the constant input of substrate divided 
by the Michaelis constant KS, whereas k, relates to 
the removal of product. The new term in the 
equations, qy”/( K” + y”X refers to recycling of 
product y into substrate a. We assume that this 
reaction is catalyzed by a cooperative enzyme ob- 
eying the Hill equation with a Hill coefficient of II 
(we have obtained birhythmicity in the present 
model only with Hill numbers equal to or larger 
than 3). 

Concentrations a and y denote the substrate 
and product concentrations divided, respectively, 
by KS and by the dissociation constant K, of the 
product for the regulatory site of the activated 
enzyme (E,); q= KS/K,; uM = V&,/K, and ci = 
Vi/KS are the normalized maximum rates of Et 
and of the recycling enzyme, respectively; K = 

Km/K, where K, is the Michaelis constant of the 
recycling enzyme. 

The main features of the present model are 
two-fold. As in its previous version, we consider 
an allosteric enzyme subject to positive feedback. 
In addition, due to recycling of the product - a 
process which creates a futile cycle -, the substrate 
is produced from two parallel inputs, namely, one 
which is constant, and the other which depends on 
the operation of the system. Although the above 
hypotheses derive from the glycolytic pathway, we 
would like to stress that the primary goal of the 
present work is not to propose an extended model 
for glycolytic oscillations, but rather to analyze in 
a simple two-variable model how multiple stable 
oscillations arise from regulatory processes in bio- 
chemical systems. 

3. Onset of birhythmicity 

The effect of the recycling of product into sub- 
strate is governed by two parameters, K and ui- 

The first relates to the threshold of the recycling 
function: as long as y -Z K. recycling is negiigible. 
whereas it reaches its half-maximum value when 
y = K. The second parameter, ui, measures the 
magnitude of product recycling as compared to 
the constant input U. 

In fig. 3 are shown successive bifurcation dia- 
grams as a function of parameter u, for values of ui 
increasing from 0 to 2. As explained in the figure 
legend, these diagrams are obtained by a combina- 
tion of linear stability analysis and computer simu- 
lations_ In each diagram the ordinate gives the 
steady-state value of the substrate concentration. 
aa, whereas the presence of a periodic regime is 
represented by the maximum amplitude oXr of the 
substrate in the course of the oscillations. Both for 
the steady state and for periodic regimes. a solid 
line denotes stability whereas a dashed line refers 
to an unstable (periodic or steady) state. Since 
from eqs. 1 the steady-state value of the product 
concentration is simply y0 = qu/k,, we have varied 
u for given values of q and k, so that the abscissa 
measures at the same time the substrate input u 
and the steady-state level of product. As a conse- 
quence, the steady-state curve in fig. 3 coincides 
with the sigmoid nullcline (dy/dr) = 0 (see fig. 1). 

For ui = 0 (fig. 3a), we recover the situation 
obtained previously ill-141. When the substrate 
input u reaches a critical value, the steady state 
becomes unstable as a result of the positive feed- 
back exerted by the product on the enzyme. This 
corresponds to the supercritical bifurcation of a 
stable limit cycle whose amplitude successively 
rises, passes through a maximum, and declines as u 
increases. In the following, we shall refer to this 
stable periodic regime as limit cycle 1 (LCl). The 
oscillations disappear when the substrate input 
passes a second critical value. In the absence of 
product recycling, we thus observe a single domain 
of instability of the steady state as a function of u 
and, hence, a single domain of oscillations. 

In fig. 3b, we observe that for a small value of 
ui, the recycling of product into substrate has as 
main effect the enlarging of the domain of oscilla- 
tions. Note also the small deformations in the (I,, 
and aM curves around the value of u correspond- 
ing to y0 = 10. which is the value taken for the 
threshold constant K. Although it renders the slope 
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Fig. 3. Effect of product recycling on the appearance of birhythmicity. Shown are a series of bifurcation diagrams as a function of u 

for different values of the maximum recycling rate (i, (in s -I): (a) 0. (b) 0.5, (c) 0.6. (d) 1.2, (e) 1.3, (f) 1.4. (g) 1.5. (h) 2. As indicated in 

panel a. each diagram shows the steady-state level of subsIrate a, (lower curve), as well ;LS the maximum amplitude ah% of substrate 

oscillrttions (upper curves). Stable and unstable regimes are represented by solid and dashed lines, respectively. The stability properties 
of the steady state are determined by linear stability analysis 11.71. whereas numericaI integration of eqs. 1 yields the stable and 
unsrahlc periodic regimes. Parameter values are L = 5 X 106. o.~ = 10 s-‘. K = 10. n=4,q=1.X-,=0.06s-‘[11.12]. 

(dcr/dy) less negative, the ‘bump’ in the sigmoid 
nullcline is not sufficient to stabilize the steady 
state. For a slightly larger value of (J,, however. a 
small domain of stability appears near ye = 10 (fig. 
3~). As expected in a two-variable system where 
two stable solutions have to be separated by an 
unstable orbit [1.7], the stable steady state in this 
domain is enclosed by an unstable limit cycle of 
small amplitude. This gives rise to a phenomenon 

of hard excitation, i.e., coexistence of a stable 
steady state with a stable oscillation, since the 
stable limit cycle LCl persists over the whole 
range of u values. 

For still higher u, values (fig. 3d), LCI still 
exists in a single domain which is even enlarged. 
The region of stable steady state embedded in it is 
also larger.but on its left we observe the supercriti- 
cal bifurcation of a second stable limit cycle (LC2). 



The latter cycle rapidly turns around fo merge 
with the unstable Iimit cycle which was already 
present in fig. 3c. The amplitude of the unstable 
periodic regime is larger and approaches that of 
the stable oscillation, whereas the depression in 
the amplitude of LCl deepens. We have just wit- 
nessed the onset of birhythmicity in system 1. 
Indeed, there now exists a small domain of u 
values for which two stable limit cycles, LCl and 
LC2, coexist under the same conditions. 

For ui = 1.3 s-l, the large-amplitude limit cycle 
of fig. 3a-d breaks up. It is captured by the 
unstable limit cycle on one side, whereas on the 
other it joins the steady state (fig. 3e). Here we 
observe birhythmicity at the two ends of the 
median domain of stable steady state. 

In fig. 3f, the stable branch of LC2 merges with 
the left portion of LCl. This produces an isola 
where a stable limit cycle coexists with an unstable 
cycle_ The isola becomes smaller as ei increases 
(fig. 3g), and finally disappears by coalescence of 
its stable and unstable branches_ Two distinct 
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Fig. 4. Behavioral domains as a function of the constant input 
of substrate o and of the maximum rate of product recycling 0;. 
Other parameter values are as in fig. 3. As in the latter figure, 
the diagram is established by combination of linear stability 
analysis and numerical simulations. 

oscillatory domains are then separated by a range 
of stable steady state (fig. 3h). 

A stability diagram in the oi-v parameter plane 
(fig. 4) completes the picture provided by the 
bifurcation diagrams. The different behavioral do- 
mains are shown, and the sequence of fig. 3a-h 
can be recovered by making horizontal cuts for the 
appropriate values of ui_ This diagram shows that 
birhythmicity occurs here at the boundaries of a 
domain of hard excitation which separates two 
domains of stable oscillations. These results cor- 
roborate and explain those found in the study of 
birhythmicity in a more complex model for two 
autocatalytic enzyme reactions coupled in series 

ISI- 

4. Switching between two stable periodic regimes 

A typical phase-plane representation of bi- 
rhythmicity is given in fig. 5. Shown here are the 
two stable limit cycles of fig. 3e for qu/k, = 4.25. 
They are separated by an unstable periodic trajec- 
tory. As expected in a two-variable system, the 
three limit cycles are nested as they enclose the 
unstable steady state. 

How the switching from one stable periodic 
regime to the other can be realized is indicated by 
the arrows in fig. 5. The same type of perturbation 
- here, the addition of a moderate amount of 
substrate - can be utilized to pass from the small- 
amplitude to the large-amplitude oscillations, and 
vice versa, provided the addition is made at the 

appropriate phase of each of the two limit cycles. 
Switching from the smaller to the larger limit cycle 
can thus be achieved by perturbing the system as 
the substrate reaches its maximum in the course of 
small-amplitude oscillations (fig. 6a). The reverse 
transition occurs when the perturbation is made as 
the substrate and the product come close to their 
respective minima in the course of large-amplitude 
oscillations (fig. 6b). 

From fig. 5 it is clear that a suprathreshold 
quantity of substrate has to be added in both cases 
to effect a switch between periodic regimes. The 
threshold depends on the phase and is given by the 
position of the unstable limit cycle which behaves 
as a separatrix between the two stable oscillatory 



I I 

50 75 

PRODUCT, ?$ 

Fig. 5. Birh>rhmicity. The brhnvior of the model is represented 
in the phrrsr plane ( CX. 7) for the situation considered in fig. 3e. 
for I’ = 0.255 s- ‘. i.e.. q/X-, = 4.25. The two stable limit cycles 
(holid lines) XL’ separated by an unstable periodic trajecrov 
(dashed iinr). The vertical arrows indicate how the system may 
switch from one stable cycle to the other upon substrate 
addiCon. 

regimes. The switch from the small to the large 
limit cycle is easier to achieve than the reverse 
transition. Any perturbation of the small oscilla- 
tions that brings the system across the separatrix 
will indeed lead to the larger limit cycle. For the 

120 c . 
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reverse transition, the perturbation has to be ad- 
justed in a more precise manner with respect to its 
amplitude and to the phase so as to bring the 
system into the basin of attraction of the small 
limit cycle. Consideration of fig. 5 further shows 
that the switch between the two oscillatory regimes 

can also be achieved by addition of suprathreshold 
amounts of product at appropriate phases. 

5. Discussion 

We have shown that an autocatalytic enzyme 
reaction exhibiting periodic behavior becomes ca- 
pable of birhythmicity, i.e., oscillating in two dif- 
ferent stable regimes under the same conditions, 
once it is coupled to a second process such as 
product recycling into substrate. Birhythmicity has 
previously been obtained in more complex bio- 
chemical models comprising at least three varia- 

bles [5,16.17], and the phenomenon has been ob- 
served experimentally in a chemical system com- 
prising several autocatalytic reactions 161. An ad- 
vantage of the present model is that it comprises 
only two variables. Therefore. it allows one to 
comprehend fully the onset of birhythmicity. 

The series of bifurcation diagrams of fig. 3 
shows how the phenomenon develops as product 
recycling gradually rises in importance. It occurs 
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Fig. 6. Suitching bewren two stnble oscillnroq regimes. The passage from the small-amplitude to the large-amplitude oscillations of 
fig. 5 is achieved in panel a by setting a = IGiJ ia I = 2300 s (initial conditions are OI= 83.9. y = 3.2). The reverse transition is triggered 
m panel h by setting n = 70 in r = 2220 s (initial conditions are ~1= 102.9. y = 2.6). 
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through the bifurcation of a small-amplitude limit 
cycle in the domain cf existence of a Iarge-ampli- 
tude periodic solution. The important point is that 
the passage from a single to two distinct instability 
domains creates the conditions for coexistence of 
two stable periodic regimes. The present route to 
birhythmicity could be generic given that a similar 
scenario for the onset of multiple oscillations has 
been observed in a three-variable system [5]. There, 
however, birhythmicity also occurred in another 
parameter domain by formation of a hysteresis 
loop between two stable periodic regimes; such a 
process has not been observed in the present model 
for the parameter values considered. 

To obtain birhythmicity, we have modified a 

model for a product-activated allosteric enzyme, in 
which the substrate is supplied at a constant rate, 
into a model in which two inputs of substrate are 
coupled in parallel. The additional input, which 
originates from recycling of the reaction product. 
transforms the system into a futile cycle. Numer- 
ous futile cyc!es exist in cellular metabolism. The 
possibility therefore exists that futile cycles com- 
prising an autocatalytic reaction may give rise to 
multiple stable oscillations. The conditions for the 
occurrence of a single oscillatory regime in an 
open futile cycle in the absence of autocatalysis 
have recently been investigated 1181. 

Erie et al. [19] have pointed out that coupling 
two sink reactions in parallel in a model for a 
product-activated enzyme may give rise to adjac- 
ent instability domains in parameter space. The 
conditions for birhythmicity outlined above could, 
in principle, be met in such an instance_ Erle [20] 
gave a mathematical proof that multiple stable 
oscillations can indeed arise when the expression 
for the sink reaction(s) is modified in an ap- 
propriate way. The occurrence of multiple oscilla- 
tions as a result of a biochemically reasonable 
modification of the sink reaction remains, how- 
ever, to be illustrated explicitly by an example. 

Two parameters govern the importance of prod- 
uct recycling versus constant input of substrate in 
the present model. We have mainly analyzed the 
effect of the magnitude of product recycling, as 
measured by the maximum rate ci_ It is clear that 
parameter K is also important for the onset of 
birhythmicity. This parameter measures the 

threshold product concentration beyond which re- 
cycling becomes significant. If the threshold were 
to lie outside the oscillatory domain of fig. 3a, the 
mechanism for the onset of birhythmicity de- 
scribed in fig. 3b-h could not operate. Birhythmic- 
ity therefore requires a delicate balance between 
multiple regulatory processes. This is one of the 
reasons why it occurs in a parameter domain 
which is small compared to that of a single peri- 
odic regime. A similar conclusion has been re- 
ached in a previous theoretical analysis [5]. and in 
the experiments on the chlorite-bromate-iodide 
system [6]. Aperiodic oscillations (chaos). when 
they occur, are also found in a small parameter 
domain [5]. As the latter phenomenon requires the 
interaction of at least three variables. it cannot be 
observed in the present model. In this sense the 
conditions for chaos are more stringent than those 
for birhythmicity. 

The results on the switching between two stable 
periodic regimes illustrate a new type of sensitivity 
to external perturbations. Indeed, depending on 
their timing - i.e., on the particular phase of the 
oscillations - similar perturbations in the form of 
addition of a sufficient amount of substrate (or 
product) will elicit a shift from the first stable 
periodic regime to the second. or vice versa. Such 
behavior could be of physiological significance in 
that the same external signal may alternatively 
switch the behavior of a cellular system from one 
type of oscillation to another, and may thereby 
affect reversibly the frequency and the amplitude 
of a cellular periodic process. This phenomenon 
could also play a role in more complex systems 
such as the brain where multiple regu!atory inter- 
actions between neurones are likely to create the 
conditions for multiple stable oscillations. 

With respect to the effect of perturbations on 
the dynamic behavior. birhythmicity provides more 
plasticity than bistability. A switch between two 
coexisting stable steady states may require addi- 
tion of a chemical species to pass from one state to 
the other, and removal of this species to operate 
the reverse transition for a given set of conditions_ 
This is to be contrasted with birhythmicity where 
the transition between the two stable periodic regi- 
mes can be produced in both directions by a single 
stimulus owing to the existence of an additional 



degree of freedom, namely. the phase at which the 
perturbation is applied. 

The importance of the timing of the perturba- 
tion in the switching between periodic regimes can 
be related to Winfree’s work 1211 on the sup- 
pression of rhythmic behavior by critical perturba- 
tions. There. a system admitting a single limit 
cycle was perturbed_ The perturbation was de- 
livered at the appropriate phase with the ap- 
propriate magnitude so as to bring the oscillatory 
system into the vicinity of its singular point. 

Whereas the present model can mainly be con- 
sidered as a two-variable prototype for multiple 
oscillations, it raises the possibility that bi- 
rhythmicity might occur in the glycolytic pathway 
under conditions of constant input of substrate. 
Whether or not this is the case could be investi- 
gated in more complex glycolytic models that 
would include more realistic kinetics for the recy- 
cling of product, constancy of the adenylate pool. 
as well as the recently discovered regulation of 
phosphofructokinase by fructose 2.6-bisphosphate 
[22]. Models based on the latter regulation have 
already been considered [23]. although no search 
for birhythmicity was attempted in these studies. 

An experimental test of birhythmicity could be 
performed in yeast extracts undergoing glycolytic 
osci!lations. Previous studies on the phase shifts 
induced by pulses of ADP or ATP were indicative 
of the existence of a single oscillatory regime [8.9]. 
In these studies. the hexose substrate was injected 
at a constant rate. As product recycling in glycoly- 
sis takes place between ADP and ATP. a situation 
closer to that considered in the present model 
would be to inject both the hexose and ATP at a 
constant rate. Perturbation of the system by ATP 
or ADP pulses for different substrate injection 
rates would show whether the transition between 
two stable periodic regimes can be induced in 
these conditions. 
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